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OPERATIONAL METHOD IN FRACTIONAL CALCULUS
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Abstract

Operational calculi for various differential operators of hyper-Bessel type have
been successfully used for solving some problems in different fields including or-
dinary and partial differential equations, integral equations and theory of special
functions. Recently Mikusiriski’s scheme has been applied to develop operational
calculi for some basic operators of fractional calculus, namely, for the Riemann-
Liouville fractional derivative, for the Caputo fractional derivative and for the
more general multiple Erdélyi-Kober fractional derivative.

In this survey paper we give some elements of these operational calculi and
some of their applications with special emphasis of the operational calculus for
the Caputo fractional derivative and operational method for solving initial value
problems for the general n-term linear equation with the Caputo derivatives of ar-
bitrary orders and constant coefficients. Special cases and integral representations
of solutions are presented. In all the cases the obtained solutions are expressed
through the Mittag-Leffler type functions.
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1. Introduction

The fractional differential equations have excited in recent years a consider-
able interest both in mathematics and in applications. They have been used in
modeling of many physical and chemical processes and in engineering (see, for
example, [2] — [6], [13], [14], [23], [24], [30]). In its turn, mathematical aspects of
fractional differential equations and methods of their solution have been discussed
by many authors including [2]-[4], [13]- [17], [20]-[26], [28], [29] and [32]. In the
mathematical treatises on fractional differential equations the Riemann-Liouville
approach to the notion of the fractional derivative of order y (m—1 < u < m € N)
is normally used:

)0 = () T, o 0
Here . .
o = — — )P Yy(r) dr
(P00 = o [ =y dn p> 0, >0 )

(J%)(t) = y(t), t >0

is the Riemann-Liouville fractional integral of order y. In this interpretation, the
fractional derivative is left-inverse (and not right-inverse) of the fractional integral,
which is a natural generalization of the Cauchy formula for the n-fold primitive of
a function y. As to the initial value problems for fractional differential equations
with fractional derivatives in the Riemann-Liouville sense, there are some troubles
with the initial conditions, see [15], [21], [28], [29]- [30]. Namely, these initial
conditions should be given as (bounded) initial values of the fractional integral
J™Hy and of its integer derivatives of order k = 1,2,...,m — 1. On the other
hand, in modeling of real processes, the initial conditions are normally expressed
in terms of a given number of bounded values assumed by the field variable and
its derivatives of integer order. In order to meet this physical requirement, an
alternative definition of fractional derivative was introduced by Caputo [5] and
adopted by Caputo and Mainardi [6] in the framework of the theory of linear
viscoelasticity:

(DHy)(t) == (J™Fy™) (1), m—1<p<meN,t>0. (3)

In this survey paper based on the original works of the author and his co-
authors, some elements of the operational calculi for the Riemann-Liouville, the
Caputo and the more general multiple Erdélyi-Kober fractional derivatives will
be given with a special emphasis of an operational method for solving differential
equations of fractional order. In our discussions we follow the results presented by
Gorenflo and Luchko [11], Hadid and Luchko [15] and Luchko and Srivastava [21]
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in the case of the Riemann-Liouville fractional derivative, by Luchko and Gorenflo
[20] in the case of the Caputo fractional derivative and by Al-Bassam and Luchko
[1] and Luchko and Yakubovich [22] in the case of the multiple Erdélyi-Kober
fractional derivative. The operational method for solving integral equations of
Abel’s type was given by Gorenflo and Luchko [11] and Gorenflo, Luchko and
Srivastava [12]. In all the cases we omit the proofs which can be found in the
corresponding original papers.

2. Operational calculi for fractional derivatives

In this section we first develop an operational calculus for the Caputo frac-
tional derivative and then give some elements of the operational calculi for the
Riemann-Liouville and for the multiple Erdélyi-Kober fractional derivatives.

We begin by defining the function space Cy, a € R, which was introduced
for the first time by Dimovski in his papers devoted to the operational calculus
for hyper-Bessel differential operators (see e.g. [7],[9]).

DEFINITION 2.1. A real or complex-valued function ¥, is said to be in the
space Cy, a € R, if there exists a real number p, p > «, such that

y(t) = tryi(t), t >0

with a function y; € C0, 00).
Clearly, C, is a vector space and the set of spaces Cy, is ordered by inclusion
according to

CoCCsea>p (4)

THEOREM 2.1. The Riemann-Liouville fractional integral J*, p > 0, is a
linear map of the space Cy, o > —1, into itself, that is,

JE: Co = Cyper C Cla

REMARK 2.1. In the case y € C, for a value o« > —1 and for ;4 > 1 we have
Jty € Cy C C[0,00).

It is important to note, that the operator J*, p > 0 has the following convo-
lution representation in the space Cy, o > —1:

(J*y)(8) = (hu oY) (1), hu(t) :=t""1/T(n), y € Ca. (5)
Here .
@o N = [ at=nsr)in t>0
is the Laplace convolution. For the Laplace convolution itself, the inclusion

go f € Ca1+a2+1 g C—17 f € Ca17 g S Ca27 aq, 2 Z -1 (6)
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holds true. Representation (5) and the commutativity of the Laplace convolution
(see [9],[27]) lead to the following property of the Riemann-Liouville fractional
integral:

(S Ty)(t) = (J"T°y)(1), y € Cay @ > =1, 820, 7 20.

Next, using the associativity of the Laplace convolution and the Euler integral of
the first kind for the evaluation of (hs o hy)(t), we obtain
(T () = (JHy)(t), y € Cay > =1, 520, >0, (7)
that is also well known. In particular, it follows from (7) that
(JrTEy)(E) = (J"Y)(t), y € Cay, > —1, p >0, n€N. (8)
n

It is obvious, that the Caputo fractional derivative (3) is not defined on the whole
space C,. Let us introduce a subspace of C,, which is suitable for dealing with
the Caputo derivative.

DEFINITION 2.2. A function y is said to be in the space C}', m € Ny =
N U {0}, if y™ € C,,.

REMARK 2.2. The space C}' does not coincide with the space c{™ = {y :
y(t) = tPy(t), t > 0, p > o, § € C™[0,00)}, considered in [18]. For example,
if y(t) = cos(t)/V/t, t > 0, then y € C’(_ll), y ¢ C1, and for the function y(t) =
1, t >0 we have y & Cél), y e Cg.

We give some properties of the space C}':

1) CI' is a vector space.

2) CY = C,.

3) If y € C™ for a value @ > —1 and an index m > 1, then y*)(0+) :=

tli%aJr yk) (t) < +00, 0 <k <m —1 and the function

_fu@), >0,
(t) = { y(04), t=0
is in C™~10, c0).

4) If y € C™ for a value a > —1, then y € C™(0,00) N C™ 1[0, 00).
5) For real @ > —1 and index m > 1 the following equivalence holds:

m—1 k
m m t
yeC™ s y(t) = (J7¢)(t) + ZC’“H’ t>0, ¢ € Ch,.
k=0
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On the basis of the properties 1)-5) of the functional space C7' we obtain
some theorems, important for the development of the corresponding operational
calculus.

THEOREM 2.2. Lety € C™, m € Ny. Then the Caputo fractional derivative
Dy, 0 < p < m is well defined and the inclusion

C_y m—1l<p<m

‘LL M — b)
D*ye{Ck_l[O,oo)CC’l, m—k—1l<u<m-k k=1,...,m—1
holds true.

THEOREM 2.3. Lety € C™, m € N and m—1 < yu < m. Then the Riemann-
Liouville and the Caputo fractional derivatives are connected by the relation:

(D"y)(z) = ) + Z i k — tk_“, t>0. (9)

REMARK 2.3. It follows from representation (9) that the Riemann-Liouville
fractional derivative D"y is not, in the general case, in the space C_y, if y € C™}.

There are only three exceptional cases:
1) If u =m € N, then

Dty = Dhy = y™ e C_y.
2) If y®(04) =0, k=0,...,m — 1, then
DHy =Dty € C_;.
3) If 0 < p < 1, then D*y € C_; because of

y(0+)

(D*y)(t) = (Diy)(t) + =)

THEOREM 2.4. Let m —1<pu<m, meN, o> —1 and y € C}'. Then
m—1 k

(P L) = y(t) = 3 yP(O0+) 1, 20 (10)
k=0

THEOREM 2.5. Let f € C™, m € Ny, f(0) = ... = f™D(0) = 0 and
g € Ct,. Then the Laplace convolution

/f gt —7)d

is in the space C"™;! and h(0) = ... (0) =0.
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For the sake of simplicity we shall consider in our further discussions the case
of the space C_1, which turns out to be most interesting one for applications. As
in the case of Mikusinski’s calculus, we have the following theorem.

THEOREM 2.6. The space C_y with the operations of the Laplace convolution
o and ordinary addition becomes a commutative ring (C_1, o, +) without divisors
of zero.

This ring can be extended to the field M_; of convolution quotients by fol-
lowing the lines of Mikusinski [27]:

Moy = Cy x (Cop \ {0})/ ~,
where the equivalence relation (~) is defined, as usual, by

(f:9) ~ (fr,91) & (f o g1)(t) = (g0 f1)(D).

Thus, we can consider the elements of the field M_; as convolution quotients f/g
and define the operations in M _; as follows:

foh_fomtgeh

g o0 gogl
and
I _fek
9 91 gogi
The proof of the fact that the set M_; is a commutative field with respect to
operations ”+” and ”-” is based on Theorem 2.6.

It is easily seen that the ring C'_1 can be embedded into the field M_; by the
map (p > 0):
hyof
hy

f—

with, by (5, hy(t) = =1 /T ().
Defining the operation of multiplication with a scalar A from the field R (or
C) by the relation

g g
and remembering the fact, that the set C'_1 is a vector space, we check that the
set M_; is a vector space too. Since the constant function f(¢) = A, ¢ > 0is in
the space C_1, we should distinguish the operation of multiplication with a scalar
in the vector space M_; and the operation of multiplication with a constant
function in the field M_;. In this last case we shall write

Ay f Af
{)\}'E—Tl;'g—{l}'?- (11)



OPERATIONAL METHOD IN FRACTIONAL CALCULUS 469

It can easily be checked that the element I = —“ of the field M_; is the
unity of this field with respect to the operation of multlphcatlon From the other
side this element of the field M_; is not reduced to a function from the ring
C_1 and, consequently, it can be regarded as a generalized function. Later we
shall consider some other elements of the field M _; possessing this property, in
particular, the element which will play an important role in the applications of
operational calculus and is given by

DEFINITION 2.3. The algebraic inverse of the Riemann-Liouville fractional
operator J# is said to be the element S,, of the field M_y, which is reciprocal to
the element h,, in the field M_y, that is,

Sy=7—=——=—, (12)

where (and in what follows) I = “ denotes the identity element of the field M_;
with respect to the operation of multlphcatlon

As we have already seen, the Riemann-Liouville fractional integral J* can be
represented as a multiplication (convolution) in the ring C_; (with the function
hy, see (5)). Since the ring C_; is embedded into the field M_; of convolution
quotients, this fact can be rewritten as follows:

1

(JHy)(t) = 5V (13)

As to the Caputo fractional derivative, there exists no convolution representation
in the ring C_; for it, but it is reduced to the operator of multiplication in the
field M_1.

THEOREM 2.7. Let f € C™, m —1 < pu <m, m € N. Then the following
relation holds true in the field M_4 of convolution quotientS'

Dy =S,y — Sy yu yult Z y = (14)

We already know (see (8)), that for 4 > 0, n € N
hy(t) == hyo...ohy = hnu(t).
—_———

n

Let us extend this relation to an arbitrary positive real power exponent:
A .
hi(t) := hau(t), A > 0. (15)

We have for any A > 0 the inclusion hf) € C_1, and the following relations can be
easily checked (o >0, > 0):

h o hﬁ = hap © hgp = Mot s = h;ﬁﬂ, (16)
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IS hﬁQ S o= pf. (17)

Then we define a power function of the element S, with an arbitrary real
power exponent A:

ht, A<,
sr—1{¢ I, A =0, 18
g L A>0 1)
Ry :
Using this definition and the relations (16) and (17), we get (o, 5 € R):
a gBf _ gatp
Sy -8, =87, (19)
S = Sﬁz & = p2f. (20)

For many applications it is important to know the functions of S, in M_; which
can be represented by means of the elements of the ring C'_;. One useful class of
such functions is given by the following theorem.

THEOREM 2.8. Let the multiple power series

o0
i i
E Qiy,inZ] X X2, 21,2 € C, ayy 4, € C
ilv---vin:O
be convergent at a point zg = (z10,-..,2n0) With all zpg # 0, k = 1,...,n and

B>0, a; >0, i=1,...,n. Then the function of S,

[e.9] o0

S;ﬁ Z ail’m,in(sl;a1>i1 X - .X(S;an)in — Z ail,mfinh(5+a1i1+"'+anin)u(t)7

i1y0eyin=0 i1yeyin=0
where h,(t) is given by (5), defines an element of the ring C_;.

For the proof of this theorem we refer to [15]. We give here some operational
relations, which will be used in the further discussions. For more operational
relations we refer to [11], [15], and [21].

For pe R (or p € C)

= t'E, L (pt! 21
SM —p Ha#(p )7 ( )
where E, g(z) is the generalized Mittag-Leffler function defined by (see [10, Vol.3])
00 k
z
Eaplz) =Y ———— a>0, |z| < oo,
0 =Y gy @20 <

as can formally be obtained as a geometric series:

I I h;U« = kipk+1
Su=p go—p LI—phy kz—o '
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k+1

uk ) = Bt

Mg

k=0

The m-fold convolution of the right-hand side of the relation (21) gives us the
operational relation:

L —melgm  (5th) m e N, 99
S 017) (22)
where
k—1
Zk‘r ozk‘—l—ﬁ , >0, |z| < oo, (m)k:il_%(mei).

Let 6>0, o; >0, i=1,...,n. We then have the operational relation

S;ﬁ Bu—1
=30 NSy ™ = """ Elagp,....anp),Bu

(A £OIE, L Apt®nh) (23)

with the multivariate Mittag-Leffler function

0 T, 2

Eay.am b2,y 2n) 1= (kyla,y ..., 1) =L

(o) ! kZ:O 11+.;nk " L'+ Z?:l agl;)
1120,...,lp >0

and the multinomial coefficients

k!

k:ly,...,0l,) = ——+——.
(ks by ln) I X - x !

In the case of Riemann-Liouville fractional derivative (1) the same scheme for
developing an operational calculus can be used. We only give some results which
are specific for this case.

DEFINITION 2.4. A function y € C_; is said to be in the space Q,(C_1)
with p > 0, if Dty € C_;.

The properties of this space of functions were given in [15], [21]. In particular,
the space §2,(C_1) contains the functions y € C_; which are representable in the
form

y(t) = (J¥g)(t), g € C1.

For such functions the Riemann-Liouville fractional derivative is not only a left
inverse of the Riemann-Liouville fractional integral but also a right inverse one.
In the case of the whole space Q,(C_1), we have the following theorem.
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THEOREM 2.9. Ify € Q,(C_1), m—1<pu <meN, then

(Fy)(t) := ((Id — J*D*)y lim (D**y)(t), (24)

m _
kZlI‘,u k—l—l t—>0+

where the operator

F:=1d - J*D*

is called a projector of the operator J#, and Id is an identity operator on the space
02,(C_q).
I

Using formula (24) we arrive at the following representation of the Riemann-
Liouville fractional derivative.

THEOREM 2.10. Let y € Q(C_1), m —1 < pu<m, m € N. Then,

(D Ey)(t)  (25)

m
Mo — Ly — Y
D y SM y Sp, y,ua y,U« ; I‘ /.L k_|_ tLU+

in the field M _q of convolution quotients.

Now we give some elements of the operational calculus for the more general
multiple Erdélyi-Kober fractional derivatives.

DEerFINITION 2.5. Let >0, a; >0, ; € R, 1 < i < n. Then the multiple
Erdélyi-Kober fractional integrals are given by

(Luy)(t) = t” (I;/zn,anu <Il_/i: 17% 1# (I;/zi,alﬂy))> (t) (26)
n
o (H ) 0

i=1

1 1 n a 1 —Q

1 _ i g

= tﬂ/ .. / y(t H U 1 dU,
0 0 i=1 i=1 (ain)

where dv = dvy . .. dv, and

1 (1 _ )01y
R e e R (27)

is an Erdélyi-Kober (E-K) fractional integral.

REMARK 2.4. For a similar but more general definition and treatise of the
“multiple Erdélyi-Kober (E-K) fractional integrals and derivatives”, see Kiryakova
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[18]. There, under the same notion, a multiple E-K fractional integral, a commu-
tative composition of E-K integrals (27) is understood:

@) = G (H et )

! Si+1—4, %
= tﬁo/o H;‘;Q [0’ (%(:;_i_;'_ 75%5 ) ] y(to)do ,
where v; € R,6; > 0,6, >0, i=1,...,n,80 >0 and 6,6, >0,i=1,...,n can
be different, not obligatory all equal to By := p, as it is in (26): (a;u).(1/a;) =
w,t = 1,...,n. Note that he above multiple E-K fractional integrals can be
represented (along with repeated integrals like in (26)) also by means of single
integrals involving H-functions as kernels. In the case considered here, the kernel
is a GIS-function (for the G-functions see e.g. [10, Vol.1]).

THEOREM 2.11. Let a = max {a; } Then the multiple Erdélyi-Kober
<i<n 4

fractional integrals (26) are linear maps of the space C,, into itself,
L, :Cqy— Coqp C Ca. (28)

We list here some important particular cases of the multiple Erdélyi-Kober
fractional integrals (26).
a) Let in formula (26), n =1, a1 =1, ag =0 . Then

(Luy) () = (JHy) (1) (29)

is the Riemann-Liouville fractional integral.
b) Let in formula (26), a; = 1/8, a; = —y;, 1 <i<n, p= . Then

1 1 n n
= (F 4B ut/? wduy .. .du,
(Lu)(t) = (By)() t/o/o 701 i) ) DT (30)

is the hyper-Bessel integral operator ([7], [8], [18, Ch.3]).

DerFINITION 2.6. Let p > 0, a; > 0, a; € R, 1 < ¢ < n. The multiple
Erdélyi-Kober fractional derivatives are given by

no 1
(Duy)(t) == t‘“H H <k: — oy — b+ ait ) (H [;/izﬂh aip ) (t), (31)

i=1k=1

where
— { I:al/"d + 1a ag b gN?
i =
a;ls, a;p € N.
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Important particular cases of these operators are:
a) The hyper-Bessel differential operator ([7], [8], [18 Ch.3)):

(D) (1) = (By)(t) = - ﬁH(% S ) v (32)

in the case a; = 1/03, a; = —v;, ni=1, 1 <i<n, u=p0.
b) The Riemann-Liouville fractional derivative

(Duy)(t) = (DHy)(t) (33)

in the case n =1, a1 =1, a; =0, and

_ M+ pgN,

The relationship between the multiple Erdélyi-Kober fractional integrals (26)
and derivatives (31) is given by the following theorem.

THEOREM 2.12. For y € C, with @ = max {O"'_l}, let g(t) = (Luy)(t).

The, 1<i<n U @i
(DuLuy)(t) = (Dug)(t) = y(t), (34)

that is, the operator L, is a right inverse of the operator D,,.

To deal with the multiple Erdélyi-Kober fractional derivative we introduce a
suitable space of functions.

DEFINITION 2.7.  Denote by }(Cs), m € N, pu > 0, the space of all
functions y, such that Dﬁy € Cyn, k=0,...,m, where Dl’j means the composition
of k multiple Erdélyi-Kober fractional derivatives (31) for k =1,2... and Dg is
an identity operator on the space C,.

It turns out that the operator L, is a left inverse of the operator D, on the
subspace of Q,(C,) which consists of the functions y € €,(Cy), which can be
represented in the form y(t) = (L,g)(t), g € Co. This property is not valid for
the whole space Q}L(Ca). In this case we have the following result.

THEOREM 2.13. Lety € Q}L(Ca) and
pai — i +

, =1,....n.
o > a, i N O (35)
Then,
n k—a;
(Fy)(t) = ((1d — LD, Sy [hm my><t>} P (36)
1=1 k=1

where
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Il T — oy = 2 (k= a)) [T T — aj = 2 (k — i) +my)

Cir = ,
’ [ T —a; - afj(k — ;) + a;p)
g ke ik d
(Ay)(t) =t H <k +J— o —aip+ aﬁdt)
W d i —as
X H H <] —op —aip+ altdt) [1/2’77] ayﬂy ®),
I=i+1j=1 j=1
here o flal + Lai N,
! ails, ajp € N,

the operator F' = 1d — L, D,, is the projector of the operator L, and Id is an
identity operator on the space Q}L(Ca).

For the Riemann-Liouville fractional integral and derivative the representation
(36) coincides with (24).

In the case of hyper-Bessel integral (30) and differential (32) operators and
under the conditions 71 < 72 < ... < <n’yl + 1, we geg

(Fy)(t) = (d = BB)y)(t) = > =757 ] (=)~ (37)

=1 Jj=i+1

d
Bi -
< Jim | j_]H[l(ﬁ%th |

as found in [18, p.111].

To develop an operational calculus of Mikusinski type for the multiple Erdélyi-
Kober fractional derivative we introduce a family of convolutions for this operator.

THEOREM 2.14. Let the following conditions hold

a:max{ai_l} A> max{l_ai}. (38)
1<i<n a; 1<i<n a;
Then the operation "
(f * 9)(t) = 1 (H Iy Jevertad=l(f o g)) (1), (39)
/ / ft H(1 —u)®) [ (w1 = )~ du ... du
=1 =1

is a convolution without divisors of zero of the multiple Erdélyi-Kober fractional
integral L,, (26) on the space C,, in the following sense (cf. [9]):

(Luf) * 9)(8) = (Lu(f 2 9))(t)  (Vf,g € Cu). (40)
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As in the case of the operational calculus for the Caputo fractional derivative
we get the following result.

A
THEOREM 2.15. The space C, with the operations * and the ordinary

addition becomes a commutative ring (Cy, *, +) without divisors of zero.

A multiple Erdélyi-Kober fractional integral can be represented in this ring
as an operator of multiplication.

THEOREM 2.16. Let conditions (38) hold true and
A< p—o. (41)

Then the multiple Erdélyi-Kober fractional integral (26) has the convolution rep-
resentation

=
[Io T —ai+ai(p—N)

In the further discussions we shall assume, that conditions (38) and (41) hold
true anywhere.

(Luy)(8) = (y * h)(t), h(t) = (42)

REMARK 2.5. Using the relation (42) and direct evaluations, we get

(Lp)(8) = (L) () = (y * k") (1), (43)

where
tnu—A

[ T =i+ ai(np = A)

In order to get similar representation for the multiple Erdélyi-Kober frac-
tional derivatives, we should extend the ring C, to the field M, ) of convolution
quotients by factorizing the set Cy, x (Cy — {0}) with respect to the equivalence
relation

hn(t) = (44)

(F,9) ~ (fog) & (f* g)(t) = (g % f1)(®). (45)

The operations of addition and multiplication are defined as usual (see the case
of the Caputo fractional derivative).

DEFINITION 2.8. The algebraic inverse of a multiple Erdélyi-Kober fractional
integral L, is said to be the element S of the field M, ), which is reciprocal to
the element h defined by (42) in the field M, », that is,

S=1/h=h/(h*h)=h/h2 (46)

where T =  denotes the identity element of the field M, \ with respect to the
operation of multiplication.
Then we get the following result.
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THEOREM 2.17. Let y € Q}(Cy). Then the relation
m—1
Dy = 8™y~ 38"y y(t) = (FDEy)(0) (47)
k=0
holds true in the convolution quotient field M, , where I’ = 1d — L, D, is the
projector (36) of the operator L,,.

For the applications of the developed operation calculus, representations of
some elements of the convolution quotient field by elements of the initial ring of
functions are important.

We can obtain a class of such functions for our operational calculus using the
following theorem.

THEOREM 2.18. Let the power series of complex variable z with complex
coefficients be convergent at the point zg # 0, that is,

> bezg=AcC.
k=0

Then,
tku—)\

e —k > k k —
;bks = kzlbkh (t)’ h (t) - H?:l F(l —o; + Cli(kﬂ - )‘)) (48)

is an element of the ring C\,.

It follows from Theorem 2.18, representation (43), and the formula for the
sum of infinite geometric progression that (p € R or p € C)

1 h

= = h(I + ph+ p*R%* +...) =t 4
S, T-oh (I +ph+p°h”+...) (49)
= (pt'u)k pn—A

= E((1 =i +ai(p— ), aipt)n; pt") ,

XkZZ:OH?:lF(l_ai+ai(ﬂ_)‘)+aiﬂk) ' (1= 0 aile = &), aie)n; p17)
where

(o0} k n
z
E((a,0)n;2) = FE((a1,01),...,(an, Bn); 2) = - , a; >0

is a Mittag-Leffler function of vector index.
By direct evaluations we have from relation (49),

Ly (m)i(pt")"
(S—p)m — k! [T, T(1 — a; + ai(ppm — A) + a; k)

(50)

_ tlu,mf)\Em ((1 — oy + az(lu,m — )\), azH)'fu Ptu) ;

where
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k2"

) N N ) - (m)
Em((avﬁ)m ) Em(( 1761)7"'7( mﬁn)v ) kZ:Ok!H;"er(ai—i—ﬂik)

with the condition Y ;- ; a; > 0.

Relation (49) is reduced in the case of the Caputo (or the Riemann-Liouville)
fractional derivative to the following one under the condition 1 < A < 1+ p
(compare with (21)):

& k
= Z (pt*) TR
Si—p = tu — tl/' E1+,U«*)\,,Uz(ptu)7 (5]‘>

where E, g(z) is the generalized Mittag-Leffler function.
In the case of the hyper-Bessel differential operator (32), we obtain from re-
lation (49) under conditions 71 < 7y2 < ... <7, and (1 4+ v,) < A < B(y1 +2):

I A=A
S—p ILTC+%-AA)'
and we have for A = (v, + 1),

Fo(1;2 471 — A8y 24 m — A/B: pt?) (52)

I t_ﬂ'Yn

= oFn_1(L+v1 —Ynye ooy L+ Y1 — Va3 tﬁ, 53
S—p LT+ =l L4+ = Yn—1 = Yn; pt"), (53)

where oF),_1(z) is the so-called hyper-Bessel function of Delerue (see e.g. [18,
eq.(D.4), p.337]).

From relation (50) in this case it follows that
I tﬂmf)\

(S=p)m I T +m+75 - A/B)
<1 Fp(mil+mA+y = MB, . L mtn — A3 pt?),

(54)

where 1 F},(z) is a generalized hypergeometric function.

REMARK 2.6. We can represent the right-hand side of the relation (50) in
terms of the Fox H-function:

[ pmee (1,1), (1 — o + ai(pm — X), aift)1,n

b (] (m, 1) ). )

REMARK 2.7. An operational calculus for the multiple Erdélyi-Kober frac-
tional derivative can be developed also on the basis of the generalized Obrechkoff
transform with the power weight

(Opy)(t) =t /0 ~ HO ( t

u

)y (56)

u
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which plays in this calculus the same role as the Laplace transform in the Mikusinski
operational calculus. Let us note that the generalized Obrechkoff transform can
be also represented in the form

Oo n du
(Opy)(t) = tﬂ/o ,, (t/u | (ay, ai)l)y(u)Za (57)
where
(an—1)/an oo 00 n—1 n—1
O(7[(ci, ai)7) = T/ / exp 722%77_,& Hu;ai/an
" ’ 0 i=1 i=1
n—1 g lmon

XHUZ’ oen Zdul...dun_l,

i=1

REMARK 2.8. In the special case of hyper-Bessel differential operator (32)
transformation (57) is the Obrechkoff transform, proposed in [8] as a transform
basis for an operational calculus for such an operator. More details on the
Obrechkoff transform, its representations and operational properties related to
the theory of hyper-Bessel operators, can be found in Dimovski [8] and Kiryakova
[18, Ch.3]. A modification of the generalized Obrechkoff transform is considered
also by Kiryakova [19] in close relation to the multiple Mittag-Leffler functions
E((a1,51),. .., (an, Brn)) referred to in this section as Mittag-Leffler functions of
vector index.

3. Fractional differential equations

In this section we apply the developed operational calculi for solving frac-
tional differential equations. Special emphasis will be given to the equations with
the Caputo fractional derivatives. As to the fractional differential equations with
the Riemann-Liouville fractional derivatives and with the multiple Erdélyi-Kober
fractional derivatives the same scheme can be used there. These cases were con-
sidered in [15], [21] and [1], [22], respectively.

We first consider some simple fractional differential equations, which were
already studied by using the Laplace transform technique (see [13] and references
there). We begin with the initial value problem (u > 0)

(Dly)(t) — Ay(t) = g()
{yw)(o)—ckeR k=0...m—1m—1<p<m AcR. (58)

The function g is assumed to lie in C_y if p € N, in O, if u ¢ N, and the
unknown function y is to be determined in the space C™,.

Making use of the relation (14), the initial value problem (58) can be reduced
to the following algebraic equation in the field M_; of convolution quotients:
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m—1 k
t
Spy=A =S -yYutg, yult)= Z%g, m—1<p<m,
k=0 )
whose unique solution in the field M_; has the form:
=y 4y = 1 + H
Y=1Yg yh*SM_)\ g Su_)‘ Yu-

It turns out that the right-hand side of this relation can be interpreted as a
function from the space C", that is, as a classical solution of the initial value
problem (58).

It follows from the operational relation (21) and the embedding of the ring
C_; into the field M_;, that the first term of this relation, y, (solution of the
inhomogeneous fractional differential equation (58) with zero initial conditions),
is represented in the form

yg(t) = /0 T“flEuyu(AT“)g(t —7)drT. (59)

As to the second term, yy, it is a solution of the homogeneous fractional differential
equation (58) with the given initial conditions and we have

m—1
S, th
yp(t) = kzzo cru(t), uk(t) = S - . {E} (60)
Making use of the relation
tk I
b= b= 0= )

the formula (19), and the operational relation (23), we get the representation of
the functions ug(t), K = 0,...,m — 1 in terms of the generalized Mittag-Leffler
function:

S,LL tk Sl:(k+1)/u &

— . —_— = = t E At“ .

S#_A {k‘} I-AS;l lhk-i—l( )

Furthermore, due to representation (5) of the Riemann-Liouville fractional inte-
gral, we have

ug(t)

un(t) = (uo)(t), uo(t) = Eu1 (M) := Eu(AH),
where E,(z) = 370, 2% /T (ak +1) is the classical Mittag-Leffler function (see [10,
Vol.3]). Using the last representation, we arrive at the relations

Ui(cl)(o) =0, k,0=0,...,m—1,

and therefore the m functions ux(t), K = 0,...,m — 1 represent the general so-
lution of the homogeneous fractional differential equation (58). Summarizing the
obtained results, we get the solution of the initial value problem (58) in the form:
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t m—1
y(#) = / PV, gl — 7Y dr + 3 et By (),
0 k=0
which can be rewritten in the case A # 0 in terms of the Mittag-Leffler function:
1 t d m—1 N
W) =3 [ 4 B0 gl = e+ > B0,
The next equation,
y’(t) - /\1(ny) (t) — Xay(t) = g(1), (62)
y0)=c€eR, 0<pu<l, \;,2€R
with ¢ = 1/2 and A\; < 0, A2 < 0 corresponds to the Basset problem, a classical
problem in fluid dynamics (see [13], [24]). We treat the general problem (62). The
function g € C'_1 is given, and the unknown function y is to be determined in the
space C1;.
With the help of relation (14) the problem under consideration can be reduced
to the algebraic equation in the field M_1:

S1-y—MSu-y—Xy=9+51-y1 — MSyu - yu, y1(t) = yu(t) = co.

Applying the relation (20) we represent a unique solution of this equation in the
field M_1 in the form:

L Si-nsp @
[T VY W Ly W=/ WL AL

Y="YgtYn= = .

Using now the relations (19) and (23) we arrive at the representation

I B St
Si=MST =X oS N80t

= Eq_p 1 (At ™, Aat)

with the multivariate Mittag-Leffler function. We also have, using the same tech-
nique and (11), (61), the relation

Sl — )\15# AQ C()I
0ty v Wil L Ll Ly vy v R

=C i + )\2 51_2 = [1 + )\gtE 1 1 2()\1151_“ )\275)] .
S, s )\155_1 _ )\251—1 (1-p,1), )

The unique solution of the initial value problem (62) has then the form

481
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t
y t) = / E(l—,u,l),l()\l’rl_‘u; )\QT)g(t*’T) dT + Co []. + )‘QtE(l—u,l),Q(Altl_#a )\Qt)] .
0

We consider now the general n-term linear differential equation with the con-
stant coefficients and the Caputo fractional derivatives.

THEOREM 3.1. Let p > p1 > ... > pip > 0, my — 1 < p; < my, m; € Ng =
NuU{0}, \; € R, i=1,...,n. The initial value problem

{ (DEy)(t) = X7y M(DE)(8) = g(t), (63)

y®W0)=c,eR, k=0,....m—-1, m—1<p<m,

where the function g is assumed to lie in C_1, if u € N, in C*, if u € N, and the
unknown function y is to be determined in the space C™, has a solution, unique
in the space C™, of the form:

= y4(t) + Z crug(t), = > 0. (64)
Here .
wlt) = [ B (ot =) dr (65)

is a solution of problem (63) with zero initial conditions, and the system of func-
tions

Z AT B (), k=0,...,m—1  (66)
1= lk+1

fulfills the initial conditions ug)(O) =0, k,0=0,...,m — 1. The function

B(),5() = Eumpur,.cppn) st o At TH) (67)
is a particular case of the multivariate Mittag-Leffler function (23) and the natural
numbers l, k =0,...,m — 1 are determined from the condition

my, = k+1, 68

{ mlk+1 S k. ( )

In the case m; < k, i = O,...,m—l we set I, := 0, and if m; > k+ 1, i =
0,.. — 1, then I, :=

REMARK 3.1. The results of Theorem 3.1 can be used in some cases for the ini-
tial value problem (63) with the Riemann-Liouville fractional derivatives instead
of the Caputo fractional derivatives. In particular, as we have seen in Remark
2.3, (D*y)(t) = (D y)(t), if u=m e Nory®(0) =0, k=0,...,m—1, m—1<
p < m. In the case 0 < p < 1 we can use the relation
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(D) (t) = (DEy)(t) + F?(’f)fi)w

to reduce the initial value problem with the Riemann-Liouville fractional deriva-
tives to the initial value problem of the type (63).

The solution (64)-(66) of the initial value problem (63) was obtained in terms
of the Mittag-Leffler type function E(.) g(t), which is given by its series represen-
tation:

oo . .
Hﬂ_l (Ajth—Hi )ll
t) = (kily,y ...y ln) = . (69)
2 2 RSCES S
11>0,...,ln>0
Let us find an integral representation of this function. We shall use the Hankel
integral representation of the Gamma-function

11 / o
= 5= e*("7d¢, z € C,
I(z)  2mi Jgaon)

where Ha(e+) is the Hankel path, a loop which starts from —oo along the lower
side of the negative real axis, encircles the circular disc |(| = (p > € in the positive
sense and ends at —oo along the upper side of the negative real axis. Then we
substitute this representation into (69) and we get

n

Z Z (ksli, ...\ 0) H()\itﬂ—ﬂi)li

=0 I +-+ln=k i=1
11>0,...,1n>0
1

il eCC*ﬁ*Z?:l(M*M)li dc.
“omi Ha(0+)

Changing the order of integration and summation, using the geometric progression
formula to get a closed form for a sum in integrand and substituting ( = st, we
finally get

n 1/(p—p1)
stgh=B (s
_ s ets 5= 1 A
E)(t 2m/ ST e AL ZZ;| |

Ha(M) SF —
(70)

REMARK 3.2. Applying the representation (70) to the formulas (65) and (66),
we rewrite the solution (64) of the initial value problem (63) in the form
t m—1
o)) = [ustrlglt =)+ Y en(t), =0, (71)
0 k=0

where .
e ds

1
t) = —
ug(t) omi /Ha(,\+) i — Y g Aisti
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(73)

k1 Sty st d
ug(t) /H ) 2 = :
a(A+

= — 4+ —
k' 2mi st — 30 Aisk skt

.o,m—1.

R v
ol e s e = BCELE

In particular, if p, =0, A\, # 0, then lg =n — 1 and we have

| et [ = SISt st g
w(®) =5 | e Y
U Ha()\—‘r) sk — Ei:l )\is'ul - )\n S
In this situation we have the relation

1

us(t) = )\*Uf)(t)-

n

If iy, > 0, we get up(t) = 1.

REMARK 3.3. The initial value problem (63) for the three cases: 1) n =
Lmm=0M=-1,2)n=2 p=1 A =—-1, po =0,and 3) n =2, u =
2, Ao = —1, po = 0 was considered in [13] by using the Laplace transform method.
In this interesting paper the form (71)-(73) of the solution was obtained and used,
by evaluating the contribution of poles of the integrand by the residue theorem
and transforming the Hankel path Ha(A+) into the Ha(0+), to represent it as a
sum of oscillatory and monotone parts. In addition, asymptotic expansions, plots
and interesting particular cases are given there. General results concerning the
methods of evaluation of the poles of integrand in the integral representations of
the type (72), (73), asymptotic expansions of such representations as well as a lot
of interesting particular cases can be found in the paper [16].

We give now some examples.

EXAMPLE 1. Let the right part of the fractional differential equation (63) be

a power function:
(6%

) e — 1, ifpeN, a>0, if u & N.
g(t) Fm+D’a> yifpeN, a>0,if p &

Since
ta
I'a+1)
we get by using (19), (23), and (70) the following representations of the part yg4(t)
of the solution (64):

= has1(t) = h?aﬂ)/u(t) = 5;(a+1)/u’

I I I

n i 9= n i ' a+1
S, — 3", )\z'S;If /u S, =3, )\155 /n S,S +1)/p
S;(#+a+1)/#

= ="K, o (t)
I — Z?:l )\Z,S;:(#*Mi)/ﬂ ()ptatl

Yg =
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1 / estsT 1 (s
271 Ha()\+) SH —Z?:1 )\7;5/}”" )

EXAMPLE 2. We consider now the equation (63) with u; = (n —i)a, i =
1,...,n, p=na, ¢—1 < u < g, ¢ € N. Then the solution (64) can be represented
in terms of the generalized Mittag-LefHler function E7's(t) (22). Indeed, using
relation (20) and representing the corresponding rational function as a sum of
partial fractions, we get

I I
Yg = 7, 9= -9
? SM—ZTL )\iSM/H St =i AiSa ™!
b C
j=1m= 1

Operational relation (22) gives us the representation

yo(t) = /0 us(r)g(t — 7) dr,

where

p N
t) = Z Z c]mtam 1E;nma(/8jta)'

j=1m=1
We have also (k=0,...,q—1)

VA 0 WD DA TR Vo i L
ZC’““’“ > wll k'+{ } Sty s I,

n Qn—i Pk Mk
Zi:lk+1 AiSg . Z Cjmk

vp(t) = — = —
St NS 2 2 (B B
Pr Mk
=D Cimt™ T B (Bnt®), Z”ﬂf =N
j=1m=1

In the case o € Q the generalized Mittag-Leffler function E,, () can be repre-

sented in terms of the special functions of hypergeometric type (see [13]).
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